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ON THE DESCENT POLYNOMIAL OF SIGNED
MULTIPERMUTATIONS
ZHICONG LIN
Abstract. Motivated by a conjecture of Savage and Visontai about the equidistribution
of the descent statistic on signed permutations of the multiset {1, 1, 2, 2, . . . , n, n} and
the ascent statistic on (1, 4, 3, 8, . . . , 2n − 1, 4n)-inversion sequences, we investigate the
descent polynomial of the signed permutations of a general multiset. We obtain a factorial
generating function formula for a q-analog of these descent polynomials and apply it to
show that they have only real roots. Two different proofs of the conjecture of Savage
and Visontai are provided.
1. Introduction
For a sequence of positive integers s = {si}i≥1, let the set of s-inversion sequences of
length n, Isn, be defined as
I
(s)
n := {(e1, . . . , en) ∈ Z
n : 0 ≤ ei < si for 1 ≤ i ≤ n}.
The ascent set of an s-inversion sequence e = (e1, . . . , en) ∈ I
s
n is the set
Asc(e) :=
{
0 ≤ i < n :
ei
si
<
ei+1
si+1
}
,
with the convention that e0 = 0 and s0 = 1. Let asc(e) := |Asc(e)| be the ascent statistic
on e ∈ Isn. The s-inversion sequences and the ascent statistic were introduced by Savage
and Schuster in [9].
A descent in a permutation pi = pi1pi2 · · ·pin of a multiset with elements from N is an
index i ∈ {0, 1, . . . , n− 1} such that pii > pii+1 (with the convention that pi0 = 0). Denote
by DES(pi) the set of descents of pi and by des(pi) the number of descents of pi. The major
index of pi, denoted maj(pi), is defined as
maj(pi) :=
∑
i∈DES(pi)
i.
Let P ({1, 1, 2, 2, . . . , n, n}) be the set of permutations of the multiset {1, 1, 2, 2, . . . , n, n}.
The following connection between multiset permutations and special inversion sequences
was shown in [10, Theorem 3.23].
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Theorem 1 (Savage-Visontai [10]).∑
pi∈P ({1,1,2,2,...,n,n})
tdes(pi) =
∑
e∈I
(1,1,3,2,...,2n−1,n)
2n
tasc(e)
Now consider the signed multiset permutations. Let P±({1, 1, 2, 2, . . . , n, n}) be the set
of all signed permutations of the multiset {1, 1, 2, 2, . . . , n, n}, whose elements are those
of the form ±pi1 ± pi2 · · · ± pin with pi1pi2 · · ·pin ∈ P ({1, 1, 2, 2, . . . , n, n}). For convenient,
we write −n by n for each positive integer n. For example,
P±({1, 1}) = {1 1, 1 1, 1 1, 1 1}.
Clearly, we have
|P±({1, 1, 2, 2, . . . , n, n})| =
(2n)!
2n
22n = 2n(2n)! = |I
(1,4,3,8,...,2n−1,4n)
2n |.
Savage and Visontai [10, Conjecture 3.25] further conjectured the following equdistribu-
tion, which was proved very recently (and independently) by Chen et al. [3] using type B
P -Partitions.
Theorem 2. For any n ≥ 1, we have∑
pi∈P±({1,1,2,2,...,n,n})
tdes(pi) =
∑
e∈I
(1,4,3,8,...,2n−1,4n)
2n
tasc(e). (1.1)
For n ≤ 2, we have ∑
pi∈P±({1,1})
tdes(pi) = 1 + 3t =
∑
e∈I
(1,4)
2
tasc(e)
and ∑
pi∈P±({1,1,2,2})
tdes(pi) = 1 + 31t+ 55t2 + 9t3 =
∑
e∈I
(1,4,3,8)
4
tasc(e).
In section 2, we will give a simple proof of Theorem 2 through verifying the recurrence
formulas for both sides of Eq. (1.1). Motivated by this conjecture, we study the descent
polynomial of signed permutations of a general multiset (or called general signed multi-
permutations for short). In section 3, we proved a factorial generating function formula
for the (des, fmaj)-enumerator of general signed multipermutations, which generalizes a
result of Chow and Gessel [4]. Finally, in section 4, we use this factorial formula to show
that the descent polynomial of the signed multipermutations is real-rootedness.
2. Proof of Theorem 2
Lemma 3. Let
En(t) =
2n−1∑
i=0
En,it
i :=
∑
e∈I
(1,4,3,8,...,2n−1,4n)
2n
tasc(e).
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Then
En+1,i = (2i
2+3i+1)En,i+(2i(4n−2i+3)+2n+1)En,i−1+(2n+2−i)(4n−2i+5)En,i−2,
(2.1)
with boundary conditions En,i = 0 for i < 0 or i > 2n− 1.
Proof. The following formula was established in [9, Theorem 13] using Ehrhart theory:
En(t)
(1− t)2n+1
=
∑
k≥0
((k + 1)(2k + 1))ntk. (2.2)
Thus we have
En+1(t)
(1− t)2n+3
=
∑
k≥0
((k + 1)(2k + 1))n+1tk
=
∑
k≥0
((k + 1)(2k + 1))n(k + 1)(2k + 1)tk
=
∑
k≥0
((k + 1)(2k + 1))n(2k(k − 1) + 5k + 1)tk
= 2t2(En(t)(1− t)
−2n−1)′′ + 5t(En(t)(1− t)
−2n−1)′ +
En(t)
(1− t)2n+1
.
The recursive formula (2.1) then follows from the above equation by multiplying both
sides by (1− t)2n+3 and then extracting the coefficients of ti. 
Lemma 4. Let
Pn(t) =
2n−1∑
i=0
Pn,it
i :=
∑
pi∈P±({1,1,2,2,...,n,n})
tdes(pi).
Then
Pn+1,i = (2i
2+3i+1)Pn,i+(2i(4n−2i+3)+2n+1)Pn,i−1+(2n+2− i)(4n−2i+5)Pn,i−2,
(2.3)
with boundary conditions Pn,i = 0 for i < 0 or i > 2n− 1.
Proof. Denote by Pn,i the set of signed permutation of {1, 1, 2, 2, . . . , n, n} with i descents.
Clearly, every signed permutation in Pn+1,i can be obtained from one of the following three
different cases:
(1) from a signed permutation in Pn,i by inserting {n + 1, n + 1}, {n+ 1, n+ 1} or
{n+ 1, n+ 1};
(2) from a signed permutation in Pn,i−1 by inserting {n+ 1, n+ 1}, {n+ 1, n+ 1} or
{n+ 1, n+ 1};
(3) from a signed permutation in Pn,i−2 by inserting {n+ 1, n+ 1}, {n+ 1, n+ 1} or
{n+ 1, n+ 1}.
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In case (1), one can check that there are 2i2 + 3i + 1 ways to insert {n + 1, n + 1},
{n+ 1, n+ 1} or {n+ 1, n+ 1} into each signed permutation in Pn,i to become a signed
permutation in Pn+1,i (be careful when n+ 1 or n + 1 is inserted to the right of a signed
permutation). So there are (2i2 + 3i+ 1)Pn,i signed permutations constructed from case
(1). Similarly, there are (2i(4n−2i+3)+2n+1)Pn,i−1 and (2n+2− i)(4n−2i+5)Pn,i−2
signed permutations in Pn+1,i constructed from cases (2) and (3), respectively. Those
amount to the right hand side of (2.3), which completes the proof. 
By Lemma 3 and 4, we see that En,i and Pn,i satisfy the same recurrence relation and
boundary conditions, so they are equal. This finishes the proof of Theorem 2.
Remark 1. We do not see how to deduce recurrence (2.1) for En,i directly from its
interpretation as inversion sequences.
3. General signed multipermutations
In this section, we consider the descent polynomial on signed permutations of the
general multiset Mm := {1
m1 , 2m2, . . . , nmn} for each vector m := (m1, m2, . . . , mn) ∈ P
n.
Let P (m) and P±(m) denote the set of all permutations and signed permutations of the
multiset Mm, respectively.
Recall that the q-shift factorial (t; q)n is defined by (t; q)n :=
∏n−1
i=0 (1 − tq
i) for any
positive integer n and (t; q)0 = 1. The q-binomial coefficient
[
n
k
]
q
is then defined as[
n
k
]
q
:=
(q; q)n
(q; q)n−k(q; q)k
.
The following is a q-analog of a result of MacMahon [8, Volme 2, p. 211], whose proof can
be found in [7, § 7].
Theorem 5. For every m ∈ Pn with m1 + · · ·+mn = m, we have∑
pi∈P (m) t
des(pi)qmaj(pi)
(t; q)m+1
=
∑
k≥0
[
m1 + k
m1
]
q
· · ·
[
mn + k
mn
]
q
tk.
Our signed version is:
Theorem 6. For every m ∈ Pn with m1 + · · ·+mn = m, we have∑
pi∈P±(m) t
des(pi)qfmaj(pi)zN(pi)
(t; q2)m+1
=
∑
k≥0
n∏
r=1
(
mr∑
i=0
(zq)i
[
mr − i+ k
mr − i
]
q2
[
i+ k − 1
i
]
q2
)
tk, (3.1)
where fmaj(pi) := 2maj(pi) +N(pi) and N(pi) is the number of negative signs in pi.
Remark 2. Setting z = 0, we recover Theorem 5. It is worth noticing that Foata and
Han [6, Theorem 1.2] has calculated (another signed version of Theorem 5) the factorial
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generating function formula for ∑
pi∈P±(m)
tfdes(pi)qfmaj(pi)zN(pi),
involving the so-called flag descent statistic fdes, fdes(pi) := 2 des(pi) − χ(pi1 < 0), on
signed multipermutations (or words).
Corollary 7 (Chow-Gessel [4]).∑
pi∈P±({1,2,...,n}) t
des(pi)qfmaj(pi)
(t; q2)2n+1
=
∑
k≥0
[2k + 1]nq t
k.
Proof. Setting m1 = · · · = mn = 1 and z = 1 in Theorem 6. 
Corollary 8. ∑
pi∈P±({1,1,2,2,...,n,n}) t
des(pi)
(1− t)2n+1
=
∑
k≥0
((k + 1)(2k + 1))ntk. (3.2)
Proof. Setting m1 = · · · = mn = 2 and z = q = 1 in Theorem 6. 
Remark 3. Comparing (3.2) with (2.2) we get another proof of Theorem 2. As was
already noticed in [10], there is not natural q-analog of Eq. (2.2).
We will prove Theorem 6 by using the technique of barred permutation motivated by
Gessel and Stanley [5]. For each pi = pi1 · · ·pim ∈ P
±(m), we call the space between pii
and pii+1 the i-th space of pi for 0 < i < m. We also call the space before pi1 and the space
after pim the 0-th space and the m-th space of pi, respectively. If i ∈ DES(pi), then we call
the i-th space a descent space.
A barred permutation on pi ∈ P±(m) is obtained by inserting one or more vertical bars
into some spaces of pi such that there is at least one bar in every descent space of pi.
For example, ||1¯|2¯2|1|| is a barred permutation on pi = 1¯2¯21 but 1¯|2¯2|1|| is not, since
0 ∈ DES(pi) and there is not bar in the 0-th space (i.e. before pi1 = 1¯).
Proof of Theorem 6. Let B(m) be the set of barred permutations on P±(m). Let
σ ∈ B(m) be a barred permutation on pi with bi bars in the i-th space of pi, we define the
weight wt(σ) to be
wt(σ) := t
∑
biqN(pi)+2
∑
ibizN(pi).
For example, wt(||1¯|2¯2|1||) = t6q26z2. Now we count the barred permutations in B(m) by
the weight wt in two different ways. First, fix a permutation pi, and sum over all barred
permutations on pi. Then fix the number of bars k, and sum over all barred permutations
with k bars.
Fix a permutation pi, a barred permutation on pi can be obtained by inserting one bar
in each descent space and then inserting any number of bars in every space. So counting
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all the barred permutations on pi by the weight wt gives
tdes(pi)qfmaj(pi)zN(pi)(1 + t + t2 + · · · )(1 + tq2 + (tq2)2 + · · · ) · · · (1 + tq2m + (tq2m)2 + · · · ),
which is equal to t
des(pi)qfmaj(pi)zN(pi)
(t;q2)m+1
. This shows that
∑
σ∈B(m)
wt(σ) =
∑
pi∈P±(m) t
des(pi)qfmaj(pi)zN(pi)
(t; q2)m+1
. (3.3)
For a fix k ≥ 0, let Bk(m) be the set of barred permutations in B(m) with k bars.
Now each barred permutation in Bk(m) can be constructed by putting k bars in one line
and then inserting mr integers from {r,−r}, for 1 ≤ r ≤ n, to the k + 1 spaces between
each two adjacency bars (including the space in the left side and the right side), with the
rule that negative integers can not be inserted to the left side. Thus by the well-known
interpretation (cf. [7, Proposition 4.1]) of the q-binomial coefficient[
n+ r
n
]
q
=
∑
0≤c1≤c2···≤cn≤r
q
∑
ci,
we have ∑
σ∈Bk(m)
wt(σ) =
n∏
r=1
(
mr∑
i=0
(zq)i
[
mr − i+ k
mr − i
]
q2
[
i+ k − 1
i
]
q2
)
tk.
Summing over all k in the above equation and comparing with Eq. (3.3) we get (3.1). 
4. Signed version of Simion’s result about real-rootedness
It was shown in [10, Theorem 1.1] that the ascent polynomial
∑
e∈I
(s)
2n
tasc(e) has only
real roots for each s ∈ Pn. In view of Theorem 2 we have
Corollary 9. The polynomial ∑
pi∈P±({1,1,2,2,...,n,n})
tdes(pi)
has only real roots for any positive integer n.
Simion [11, § 2] proved that the descent polynomial on the permutations of a general
multiset has only real roots. We have the following signed version of Simion’s result,
which generalizes the m1 = m2 = · · · = mn = 1 (i.e. the type B coxeter group) case of
Brenti [1] and Corollary 9.
Theorem 10. The descent polynomial ∑
pi∈P±(m)
tdes(pi)
has only real roots for every m ∈ Pn.
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The key point of the proof of the above result lies in the following simple lemma. Let
PF1[t
i] be the set of all polynomials with nonnegative coefficients and let PF[ti] be the
set of all real-rooted polynomials in PF1[t
i]. Actually, PF[ti] is the set of all polynomials
in R[t] whose coefficients form a Po´ly frequency sequence (cf. [1, Theorem 2.2.4]).
Lemma 11. Let
Fn(t)
(1− t)n+1
=
∑
k≥0
f(k)(ak + b)tk and
Fn−1(t)
(1− t)n
=
∑
k≥0
f(k)tk. (4.1)
If a > 0, n > b
a
, Fn−1(t) ∈ PF[t
i] and Fn(t) ∈ PF1[t
i], then we have Fn(t) ∈ PF[t
i].
Proof. Clearly, by (4.1) we have
Fn(t)
(1− t)n+1
=
∑
k≥0
f(k)(ak + b)tk = b
Fn−1(t)
(1− t)n
+ a
(
Fn−1(t)
(1− t)n
)′
t.
From the above equation we deduce that
Fn+1(t) = ((an− b)t+ b)Fn(t) + at(1− t)F
′
n(t).
The lemma then follows by applying a result of Brenti [1, Theorem 2.4.5], which was
established through some standard argument by using Rolle’s theorem. 
Proof of Theorem 10. By setting q = 1, z = 1 in Eq. (3.1) and using Binomial theorem,
we have ∑
pi∈P±(m) t
des(pi)
(1− t)m+1
=
∑
k≥0
n∏
r=1
(2k + 1)(2k + 2) · · · (2k +mr)
mr!
tk. (4.2)
Observe that for any permutation pi of [n],∑
pi∈P±(m)
tdes(pi) =
∑
pi∈P±(pi(m))
tdes(pi),
where pi(m) = {1mpi(1), 2mpi(2) , . . . , nmpi(n)}. So we can assume that m1 ≥ m2 ≥ · · · ≥ mn
and m1 ≥ 2. Let m− e1 := {1
m1−1, 2m2 , . . . , nmn}. By Eq. (4.2) we have∑
pi∈P±(m) t
des(pi)
(1− t)m+1
=
∑
k≥0
f(k)
(2k +m1)
m1
tk and
∑
pi∈P±(m−e1)
tdes(pi)
(1− t)m
=
∑
k≥0
f(k)tk,
where f(k) = (2k+1)···(2k+m1)···(2k+1)···(2k+mn−1)···(2k+1)···(2k+mn−1)
(m1−1)!···mn−1!(mn)!
. Note that m > m1
2
and∑
pi∈P±(m) t
des(pi) ∈ PF1[t
i]. Thus by Lemma 11, the polynomial
∑
pi∈P±(m−en)
tdes(pi) is
a polynomial in PF[ti] implies that of
∑
pi∈P±(m) t
des(pi). The theorem then follows by
induction on m. 
Remark 4. Note that the above approach is also available for Simion’s result [11] about
the real-rootedness of
∑
pi∈P (m) t
des(pi).
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Corollary 12. The descent polynomial∑
pi∈P±(m)
tdes(pi)
is log-concave and unimodal for each m ∈ Pn.
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